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The theory of relativity associates a proper time with each moving object via its world line. In
quantum theory however, such well-defined trajectories are forbidden. After introducing a general
characterisation of quantum clocks, we demonstrate that, in the weak-field, low-velocity limit, all
“good” quantum clocks experience time dilation as dictated by general relativity when their state of
motion is classical (i.e. Gaussian). For nonclassical states of motion, on the other hand, we find that
quantum interference effects may give rise to a significant discrepancy between the proper time and
the time measured by the clock. The universality of this discrepancy implies that it is not simply
a systematic error, but rather a quantum modification to the proper time itself. We also show how
the clock’s delocalisation leads to a larger uncertainty in the time it measures — a consequence of
the unavoidable entanglement between the clock time and its center-of-mass degrees of freedom. We
demonstrate how this lost precision can be recovered by performing a measurement of the clock’s
state of motion alongside its time reading.
I. INTRODUCTION
One of the most important programs in theoretical
physics is the pursuit of a successful theory unifying
quantum mechanics and general relativity. Arguably,
many of the difficulties arising in this pursuit stem from a
lack of understanding of the nature of time [1–3], partic-
ularly the conflict between how it is conceived in the two
theories [4]. For example, in general relativity a given
object’s proper time is defined geometrically according
to that object’s world line, but according to quantum
mechanics such well-defined trajectories are impossible.
How do we then assign a proper time to the delocalised
objects described by quantum theory?
Confusion over the nature of time is not limited to
the context of quantum gravity. Indeed, even in non-
relativistic quantum mechanics, there is much to clarify.
In the latter, time is not treated on the same footing as
other observable quantities in the theory — it is a pa-
rameter, rather than being represented by a self-adjoint
operator. This aspect of the theory of quantum mechan-
ics troubled its founders; Wolfgang Pauli, for example,
famously noted the impossibility of a self-adjoint oper-
ator corresponding to time [5]. Specifically, a quantum
observable with outcome t ∈R equal to the time param-
eterising the system’s evolution, can only be achieved in
the limiting case of infinite energy, and is therefore un-
physical, as we discuss in Sec. II. It is however possible
to construct self-adjoint operators whose outcome is ap-
proximately t, with an error that can in principle be made
arbitrarily small, in systems of finite energy (see e.g. [6]).
If one takes an operationalist viewpoint, one can draw
conclusions about time by discussing the behaviour of
clocks. This underlies Einstein’s development of special
relativity [7], the prototypical example of operational-
ism [8]. In a quantum setting, the clocks must of course
be quantised, leading naturally to a time operator. This
operational approach has revealed fundamental limita-
tions to time-keeping in non-relativistic quantum sys-
tems [6, 9–11], and novel effects in a variety of relativistic
settings [12–16].
The present work concerns slowly-moving generic
quantum clocks embedded in a weakly-curved spacetime.
We are interested in the phenomenon of time dilation,
and how quantizing the clock may result in predictions
distinct from those of general relativity alone. We take
the operational viewpoint noted above, associating time
with the outcomes of measurements performed on generic
quantum clocks. In this setting, in contrast with the
study of clocks in non-relativistic quantum mechanics,
we must consider the position and momentum of the
clock. Quantum theory dictates that it be subject to
some degree of spatial delocalisation in addition to its
“temporal delocalisation” (i.e. the indeterminacy of its
time-reading), as depicted in Fig. 1.
Relativistic effects manifest in this quantum setting via
a coupling between the clock’s kinematic and internal (in
our case, time-measuring) degrees of freedom. The form
of this coupling has been derived in a number of different
ways: from the relativistic dispersion relation and mass-
energy equivalence [17], from the Klein-Gordon equation
in curved spacetime [18] (or its corresponding Lagrangian
density [16]), and as a consequence of classical time dila-
tion between the clock and the laboratory frame of ref-
erence [19]. It has been used to predict a relativistically-
induced decoherence effect [20], and a corresponding re-
duction in the visibility of quantum interference exper-
iments [19]. This approach treats spacetime classically,
making no reference to a quantum theory of gravity. It is
applicable only in the low-energy, weak-gravity limit, so
that we may consider relativistic effects as perturbative
corrections to non-relativistic quantum mechanics.
We begin by introducing a way of characterising the
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2FIG. 1. Depiction of a spatially-delocalised quantum clock
exibiting temporal indeterminacy. In the theory of relativity,
the time measured by a clock is defined geometrically by in-
tegrating along a well-defined spacetime path, and the clock
may be arbitrarily precise and accurate. This contrasts with
time in quantum mechanics, where a fully quantum treatment
requires clocks to be delocalised in space and experience an
indeterminacy in their time. They cannot be meaningfully
assigned a single trajectory. Relativity dynamically couples
the temporal and kinematic quantum degrees of freedom, re-
sulting in time measurements which are influenced by the de-
localised spatial trajectory.
accuracy of a generic quantum clock, before describing
how to incorporate the phenomenon of time dilation into
quantum dynamics. This is followed by a description
of the average time dilation experienced by a quantum
clock for two different states of motion. We then discuss
how the incorporation of relativity increases the uncer-
tainty associated with the measurement of time, and how
this can be mitigated by gaining knowledge of the clock’s
location/motion, illustrating this with a numerical exam-
ple. We finish with a discussion of our results and the
questions that arise from them.
II. NON-RELATIVISTIC QUANTUM CLOCKS
Before we discuss relativistic effects, it is convenient
to introduce a characterisation of the extent to which a
given quantum clock measures time accurately. We asso-
ciate the relevant degree of freedom with a Hilbert spaceHc, and consider an initial clock state ρc(0) which evolves
according to the Schro¨dinger equation, with Hamiltonian
Hˆc. We use the term laboratory time to refer to the pa-
rameter appearing in the Schro¨dinger equation. At labo-
ratory time t, a measurement is performed, which corre-
sponds to a Positive-Operator Valued Measure (POVM){Fˆ (s)}s∈S with S ⊆ R. We refer to the outcome s
of this measurement as the clock time. A quantum
clock is then defined by the tuple {{Fˆ (s)}s∈S , Hˆc, ρc(0)}.
In this manuscript however, it suffices to consider{Tˆc, Hˆc, ρc(0)}, where Tˆc ∶= ∫S s Fˆ (s)ds is the first-
moment operator of the POVM, which determines the
expected value of the measurement. In the case where the
POVM is a projection-valued measure (in other words,
where the clock times are perfectly distinguishable) the
definition of Tˆc above is simply the spectral decompo-
sition of the self-adjoint operator corresponding to the
measurement. For simplicity, we choose the laboratory
time t to be such that ⟨Tˆc⟩(0) = 0.
Given a quantum clock satisfying the Heisenberg form
of the canonical commutation relation, [Tˆc, Hˆc] = i1c,1
the mean clock time will exactly follow the laboratory
time, i.e. ⟨Tˆc⟩(t) = t mod T0 ∀t, for some (possibly in-
finite) clock period T0 > 0. Furthermore, the standard
deviation of such clocks is an arbitrarily small constant
determined by the initial state. We refer to such a clock
as idealised. Demanding only this commutation relation,
one can construct an idealised clock on a dense subset
of the Hilbert space, with finite period T0 and with Hˆc
bounded below (e.g. the phase operators in [21]). If we
further impose canonical commutation relations of the
Weyl form, and consider measurements corresponding to
projection-valued measures, we necessarily have that Hˆc
is unbounded below (Pauli’s theorem [5, 22]), which is
clearly unphysical, and T0 =∞. These are both exam-
ples of covariant POVMs [9, 23], i.e. those satisfying the
covariance property Fˆ (s) = e−isHˆc Fˆ (0)eisHˆc , s ∈R; where
in the case that S is bounded, Fˆ (s) has been periodically
extended to R. Furthermore, the commutator [Tˆc, Hˆc]
has a generic form for all covariant POVMs closely re-
lated to that of idealised clocks (see Appendix C).
Since idealised clocks are desirable, we seek to quan-
tify the extent to which a given clock deviates from an
idealised one. To this end, we introduce a clock’s er-
ror operator Eˆ(t); for a given clock characterised by{Tˆc, Hˆc, ρc(0)}, we define Eˆ(t) via
− i [Tˆc, Hˆc]ρc(t) = ρc(t) + Eˆ(t) (1)
where ρc(t) = e−itHˆcρc(0) eitHˆc . The error operator Eˆ(t)
allows us to quantify the discrepancy between the average
clock time and the laboratory time t via
⟨Tˆc⟩NR(t) = t + ∫ t
0
dt′tr [Eˆ(t′)] (2)
where the subscript NR denotes that the clock does not
account for relativistic effects (i.e. it evolves under the
action of Hˆc alone), and we have assumed for conve-
nience that ⟨Tˆc⟩NR(0) = 0. For an idealised clock, we
have −i [Tˆc, Hˆc] = 1c, and therefore Eˆ(t) = 0 ∀t. We
therefore call a clock good when Eˆ(t) is small in norm
relative to the other quantities involved.
An interesting case is when the clock is a d-dimensional
spin system, with evenly-spaced energy eigenvalues (cor-
responding to the spin-projection states). Construct-
1 Here and throughout this manuscript, we use units such that
h̵ = 1. The symbol 1c denotes the identity operator on Hc.
3ing Tˆc such that its eigenvectors form an appropri-
ate mutually-unbiased basis with respect to the spin-
projection states, and choosing ρc(0) to be one of the
eigenvectors of Tˆc, one arrives at the well-known Salecker-
Wigner-Peres clock [12, 24] — a quantum version of the
common dial clock (see Fig. 1). In this case, Eˆ(t) is not
always small; one has tr [Eˆ(t)] = −1 at regular intervals
of laboratory time, regardless of the dimension d or en-
ergy. This arises due to the clock states’ lack of coherence
in the eigenbasis of Tˆc; specifically [Tˆc, ρc(t)] is zero at
regular intervals of laboratory time. This issue can be
removed by choosing ρc(0) to have some quantum coher-
ence in this basis, as in the Quasi-Ideal clock [6]. In the
latter case, ∥Eˆ(t)∥1 is exponentially small in both the
dimensionality d and the mean energy of the clock ∀t.
This is a consequence of the Quasi-Ideal clock’s approxi-
mately dispersionless dynamics in the eigenbasis of Tˆc. In
addition to the Quasi-Ideal clock, the Salecker-Wigner-
Peres and qubit-phase clocks, which do not posses this
property, are discussed in Appendix D.
III. RELATIVISTIC TIME DILATION
Classically, in the post-Newtonian approximation of
general relativity, the proper time τ experienced by an
observer is determined by [25]
dτ = dt˜(1 − v2
2c2
+ Φ(r)
c2
) , (3)
to first order in v2/c2 and Φ/c2, where v is the observer’s
velocity, r is the distance from a gravitating body of
mass M , Φ(r) = −GM/r is the Newtonian gravitational
potential, and t˜ is the proper time of a fictional observer
at rest at r = ∞. We take the common approxima-
tion of the Newtonian potential around a point r0, i.e.
Φ(r) ≈ Φ(r0) + gx, where g is the gravitational accelera-
tion at the point r = r0 (e.g. g = 9.81 m s−2 at the surface
of the Earth), and x ∶= r − r0. The laboratory frame is
then given by (t, x), where t is the proper time of an
observer at rest at r = r0, and is identified with the labo-
ratory time described in the previous section. Then, for
a classical clock with initial position x0 and velocity v0,
Eq. (3) allows us to relate the clock’s proper time τ to
the laboratory time:
τ = [1 − v20
2c2
+ gx0
c2
+ v0gt
c2
− 1
3
(gt
c
)2] t. (4)
If we now consider the clock to be subject to the laws of
quantum mechanics, we must describe how its temporal
degree of freedom interacts with its kinematic degrees of
freedom. To that end, we consider a total Hilbert spaceH =Hc⊗Hk, where the spaceHk corresponds to the kine-
matic variables in one dimension, namely position xˆ and
momentum pˆ, with [xˆ, pˆ] = i1k. The coupling between
the temporal and kinematic spaces (which can be under-
stood as a consequence of mass-energy equivalence [26])
is then given by the interaction Hamiltonian [17, 18, 20]
Hˆck = Hˆc ⊗ (− pˆ2
2m2c2
+ gxˆ
c2
) , (5)
where m is the mass of the clock, and where we con-
tinue the approximation in Eq. (3), neglecting terms pro-
portional to 1/c4 (see Appendix A). The clock is then
subject to the total Hamiltonian Hˆ = Hˆc + Hˆk + Hˆck,
with Hˆk =mc2 +mgxˆ + pˆ2/2m − pˆ4/8m3c2, where the fi-
nal term is the usual lowest-order relativistic correction
to the kinetic energy.
IV. TIME DILATION IN QUANTUM CLOCKS
We assume the initial state of the clock to be uncorre-
lated across Hc and Hk, i.e. that ρck(0) = ρc(0)⊗ ρk(0)
for some ρc(0) and ρk(0). After evolving for an amount
of laboratory time t, the average time dilation experi-
enced by the clock (i.e. the average clock time) is
⟨Tˆc⟩(t) = ⟨Tˆc⟩NR(t) + tR(t) {1 + tr [Eˆ(t)]} , (6)
where R(t) ∶= tr [(− pˆ2
2m2c2
+ gxˆ
c2
+ pˆgt
mc2
− g2t2
3c2
)ρk(0)] is de-
termined by the initial kinematic state. Recall that Eˆ(t)
was defined according to the non-relativistic evolution of
the clock (i.e. under Hˆc alone). We now consider two
possibilities for ρk(0) — a classical (i.e. Gaussian) and a
nonclassical state.
A. A Gaussian state of motion
We take the initial kinematic state ρk(0) to be a pure
Gaussian wavepacket, denoting the mean momentum by
p¯0, the standard deviation of the momentum by σp, and
the mean position by x¯0. This is the most classical choice
in the sense that such states are the only ones with a non-
negative Wigner function [27], and saturate the position-
momentum uncertainty relation. We then have
R(t) = − p¯20 + σ2p
2m2c2
+ gx¯0
c2
+ p¯0gt
mc2
− 1
3
(gt
c
)2 . (7)
In this case, setting Eˆ(t) = 0 and using Eqs. (2) and (6),
one finds that the average time measured by an ide-
alised quantum clock is identical to the expectation value
of the classical proper time (Eq. (4)) for an observer
with a momentum following the same (i.e. Gaussian)
probability distribution. A non-idealised clock will ex-
hibit a non-relativistic quantum correction (the second
term in Eq. (2)) as well as a contribution arising from
both relativity and quantum mechanics (the final term
in Eq. (6)). However, since both these effects are propor-
tional to tr [Eˆ(t)], they can be made arbitrarily small,
4for example by using the Quasi-Ideal clock discussed in
Sec. II with an appropriately high dimensionality and
mean energy [6]. Interestingly, for the Salecker-Wigner-
Peres clock discussed Sec. II, tr[Eˆ(t)] = −1 whenever the
clock is in an eigenstate of Tˆc, exactly cancelling the usual
classical relativistic effect in Eq. (6) (see Appendix B).
This property of the Saleker-Wigner-Peres clock states
has also been identified as the cause for suboptimal per-
formance in other areas, related to quantum error cor-
rection with clocks [28].
B. A superposition of heights
A consideration of a nonclassical initial kinematic state
can result in a significant modification of the classical
time-dilation effect found in Sec. IV A. We consider an
initial kinematic state constructed by superposing two
Gaussian wavepackets with different mean initial heights,
namely ∣ψ⟩k ∝√α ∣ψ1⟩k+√1 − α ∣ψ2⟩k for some 0 < α < 1,
where ∣ψ1⟩k and ∣ψ2⟩k are Gaussian states differing only
in the value of ⟨xˆ⟩. Specifically, ∣ψ1⟩k and ∣ψ2⟩k have
mean positions x¯0 and x¯0 + ∆x0 respectively, standard
deviation in position σx, standard deviation in momen-
tum σp, and for simplicity we take both wavepackets to
have the same initial mean momentum. This is illus-
trated in Fig. (2). We denote the average clock time in
this case by ⟨Tˆc⟩sup(t). To extract the part of the effect
arising from quantum coherence, we contrast this with
the case of a classical mixture of two such states accord-
ing to probabilities α and 1 − α. The average clock time
in the latter case, which we denote ⟨Tˆc⟩mix(t), can eas-
ily be calculated via Eq. (6) by taking the corresponding
weighted sum, i.e.
⟨Tˆc⟩mix(t) = α⟨Tˆc⟩ψ1(t) + (1 − α)⟨Tˆc⟩ψ2(t), (8)
where ⟨Tˆc⟩ψi(t) is the expectation value for state∣ψi⟩k (t). For simplicity of expression, we consider good
clocks in the sense discussed in Sec. II, so that the contri-
bution arising from a nonzero Eˆ(t) is neglible. One then
has
⟨Tˆc⟩sup(t) = ⟨Tˆc⟩mix(t) + Tcoh(t), (9)
where Tcoh(t), the contribution due to coherence between
the two constituent Gaussian states, is given by
Tcoh(t) ∶= t (∆x02σx )2 σ2vc2 − g∆x0c2 (1 − 2α)
exp[ 12 (∆x02σx )2]√(1−α)α + 2
(10)
where σv ∶= σp/m is their standard deviation in their
initial “velocity”. We recall that, since the wavepack-
ets saturate the uncertainty relation, we have that σp =
1/(2σx).
In Eq. (10) we see two contributions to Tcoh(t): one
proportional to σ2v and one due to the average difference
g
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FIG. 2. A cartoon of the (magnitude squared of) the wave-
functions used to construct delocalised initial (kinematic)
states of the clock.
in gravitational potential experienced by the wavepackets
(g∆x0). In other words, we see separately how motional
and gravitational time dilation act on the wavefunction to
generate quantum coherence effects. Noting that we can
write g∆x0 = v2g/2, where vg is the velocity accrued by a
classsical object falling a distance of ∆x0 from rest, we
see that for a given ∆x0/σx and α, the relative strength
of the motional and gravitational parts is determined by
the comparative magnitudes of σv and vg.
Further noting that the exponential term in the de-
nominator of Eq. (10) equals 1/ ⟨ψ1∣ψ2⟩ (c.f. the grey re-
gion in Fig. (2)), we see that the exponential decrease in
Tcoh(t) with increasing ∆x0 is a result of the decreasing
overlap between the two wavepackets. From this we infer
that Tcoh(t) arises due to interference between ∣ψ1⟩k and∣ψ2⟩k. On the other hand, we evidently have Tcoh(t) = 0
when ∆x0 = 0, as in that case ∣ψ1⟩k = ∣ψ2⟩k, and we return
to the classical-motion scenario described in Sec. IV A.
Consequently there exists, for a given σv and α, an in-
termediary value of ∆x0/σx which maximises Tcoh(t) by
finding a balance between the wavefunction overlap and
the “nonclassicality” of the kinematic state.
Given that modern-day atomic clocks are accurate and
precise enough to observe classical relativistic time dila-
tion in tabletop experiments [29], it is natural to ask
whether the quantum contribution to the time dilation
might also be observable. For the purposes of illustra-
tion, let us consider an aluminium atom (whose mass
is approximately 27 u). This is inspired by a state-of
the-art “quantum logic clock” based on optical transi-
tions in a single aluminium ion [30]. For clarity, we
use the (Van der Waals) radius of aluminium, specifi-
cally rAl = 184 pm [31], as a unit of length. Then from
Eq. (10), we see that for a balanced superposition (i.e.
α = 1/2), taking σx = 2 rAl and ∆x0 = 4 rAl, we have
5Tcoh(t) ∼ 10−16 s in a laboratory time of t = 1 s,2 which
is well within the measurement capability of state-of-
the-art clocks. We have of course, assumed good clocks
so that the contribution due to the error term Eˆ(t), is
neglectable. While we have demonstrated that this is
a justified approximation for clocks with approximately
non-dispersive dynamics, such as the Quasi-Ideal clock,
this approximation might not be so well suited to the
qubit-phase and Seleker-Wigner-Peres clocks previously
discussed. This appears very promising, though we stress
that this example is illustrative. A careful analysis con-
cerning potential experimental platforms is required be-
fore conclusions can be drawn about the prospect of ob-
serving the effect.
V. CLOCK PRECISION AND THE COUPLING
OF TEMPORAL AND KINEMATIC DEGREES
OF FREEDOM
In this section we show how the clock’s precision is
modified by the relativistic coupling between its kine-
matic and temporal degrees of freedom. In particular
we show how the entanglement generated by the inter-
action Hamiltonian in Eq. (5) increases the uncertainty
associated with measurements of the temporal variable.
We quantify the clock’s precision via the standard de-
viation of the clock time, which we denote σT (t). For
simplicity, we ignore the contribution due to gravity and
consider only temporal measurements which correspond
to a projection-valued measure. In order to calculate
the relativistic contribution to σT (t) to leading order,
we now include Hamiltonian terms up to order pˆ4/(mc)4
(see Appendix E). Let σT,NR(t) denote the standard de-
viation of the clock time in the absence of the relativistic
coupling. Then, assuming the clock’s kinematic and tem-
poral degrees of freedom to be uncorrelated at t = 0, one
finds that σT (t) separates into
σT (t) = σT,NR(t) +σT,I(t) +σT,NI(t), (11)
where the term σT,I(t) is a contribution that remains
finite in the case of an idealised clock, given by
σT,I(t) ∶= t2
8σT,NR(t) ⟨pˆ
4⟩ + σ2p2
m4c4
, (12)
where σp2 is the standard deviation of the observable
pˆ2, and the term σT,NI(t) is the relativistic contribu-
tion arising due the clock’s non-idealised nature. Its full
form is given in Appendix E. Note that σT,I(t) > 0, and
the effect of the relativistic coupling on good clocks (in
2 This is well within the coherence times achievable in both
trapped-ion and neutral-atom optical atomic clocks [32]. Main-
taining a coherent superposition of heights for ∼ 1 s is a separate
challenge, achieved in e.g. [33].
the sense discussed in Sec. II) is therefore to increase
the clock’s temporal uncertainty. In the case of an ide-
alised clock, σT,NR(t) is constant in laboratory time (see
Appendix C) and can be made arbitrarily small by an ap-
propriate choice of ρc(0). This feature can also be well
approximated with the Quasi-Ideal clock. Consequently,
according to Eq. (12), the standard deviation of the clock
time increases quadratically with the laboratory time in
these cases.
The decrease in precision is a consequence of the clock’s
temporal state losing information via its entanglement
with the kinematic degrees of freedom. We now show
how this effect can be reduced by recovering some of the
lost information via a measurement of the clock’s mo-
mentum. We consider course-grained momentum mea-
surements, and show how the uncertainty in the clock
time decreases as the measurement is made more pre-
cise. We again choose a classical (i.e. Gaussian) state
of motion, as in Sec. IV A, and we consider an idealised
clock for simplicity, as this can be approximated arbitrar-
ily well (see the discussion in Sec. II). We define a set of
projection operators {Πˆn,δp}n acting on Hk, with n ∈ Z
and δp > 0, which correspond to a partition of the range
of momentum values into bins of width δp, with bin n
centred on momentum value nδp, i.e.
Πˆn,δp ∶= ∫ (n+1/2)δp(n−1/2)δp dp ∣p⟩⟨p∣k . (13)
The bin width δp therefore characterises the amount
of knowledge that we gain from the measurement, and
the degree of localisation in momentum space of the
post-measurement clock state. As δp approaches zero,{Πˆn,δp}n approaches the set of projectors onto momen-
tum eigenstates. As δp→∞, on the other hand, the pro-
jectors tend to the identity operator, i.e. the case where
no measurement is performed. Fig. 3 shows examples of
σT (t) conditioned on a given outcome of the measure-
ment, at different laboratory times t, and for different
values of δp. Quantifying the coarseness of the measure-
ment by q ∶= δp/σp, we find that for q → 0, we recover
all of the information leaked into the kinematic state, i.e.
after the measurement, σT (t) = σT (0) = σT,NR(t). For
q → ∞, on the other hand, no information is recovered,
as no measurement had been performed.
VI. DISCUSSION
Throughout this work, we have made reference to the
laboratory time t, which can be interpreted as the time
marked by a classical clock in the laboratory frame. One
may however wish to consider a fully quantum set-up,
without reference to an extrinsic classical time, as in the
Page and Wootters formalism [34], which was recently ex-
tended to include special relativistic effects [35]. In our
framework, one may simply treat t as a bookkeeping co-
ordinate, to be used to calculate the average clock times
of multiple quantum clocks, and thus their average clock
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FIG. 3. The standard deviation of the clock time, condi-
tioned on discovering that the clock’s momentum lies within
the central (most likely) bin of variously coarse-grained mea-
surements. The momentum follows a Gaussian distribution
centred around p = 0, and the (idealised) clock is initialised
such that its time also follows a Gaussian distribution. For
illustration, we have taken σT (0) = 1 ns, and chosen the
other initial parameters to correspond to an electron with
σx = 1 nm. The coarseness of the measurement is determined
by q ∶= δp/σp, i.e. the ratio of the bin size to the standard
deviation in momentum.
times relative to each other. In doing so, all our derived
results can be written in terms of the average readings of
quantum clocks without any reference to a classical clock
or extrinsic time.
Our results are in apparent contrast with the recent
claim that quantum clocks do not witness classical time
dilation [36], where the authors discuss the lack of a
unique Lorentz factor appearing in the wavefunction. We
have shown that (in the case of a classical state of mo-
tion) the Lorentz factor appears at the level of the aver-
age clock time. Moreover, for the Salecker-Wigner-Peres
clock used in [36], the error operator Eˆ(t) (defined via
Eq. (1)) acts to exactly cancel the relativistic time dila-
tion on average to first order for classical states of motion
(see Appendix B). Our results regarding time dilation
were obtained for arbitrary clocks, and we find a well-
defined relativistic time dilation to lowest order for all
clocks other than for a few special cases.
The present work has been concerned with the effect
of relativity in a stopwatch scenario, that is, we are inter-
ested in the time elapsed between two events. This con-
trasts with the ticking clocks discussed in [10, 11, 37, 38].
The incorporation of relativity into the latter is an open
problem.
The reduction in clock precision that we predict is both
a quantum and relativistic effect, as the general theory
of relativity allows for clocks which are always perfectly
precise, and clocks in non-relativistic quantum theory are
generally uncoupled from their kinematic degrees of free-
dom. This leads to the interesting statement that rela-
tivity requires us to ask how a clock is moving as well
as the time it measures, or we must pay a penalty in
its precision. Though our explicit calculation of the de-
creased clock precision was carried out neglecting the ef-
fect of gravity, the same principle will hold for a nonzero
gravitational field. A general initial clock state which is
uncorrelated between temporal and kinematic degrees of
freedom will only typically remain in the set of separable
states if either the eigenstates of the total Hamiltonian
are separable (which they are not), or if the initial state
is particularly mixed [39]. One can therefore only es-
cape the relativistic decrease in precision by increasing
the mixedness of the initial state (and thus decreasing
its precision anyway). The process of recovering the pre-
cision via measurements of the kinematic state will likely
be modified by gravity, however. In particular, the gravi-
tational coupling between the temporal degree of freedom
and the clock’s spatial position will mean that a perfectly
accurate measurement of the momentum degree of free-
dom will no longer totally restore the clock’s precision.
The decreased clock precision is related to the effec-
tive decoherence of quantum systems discussed in [20],
though, contrary to our work, it is the decoherence of
the kinematic degrees of freedom which is studied in that
case. Other work has predicted a limit of the ability of
multiple clocks to jointly measure time due to a gravity-
mediated interaction between them [40], and a tendency
for which-path information in a matter interferometer
to be encoded in clock degrees of freedom, leading to
a relativity-induced decrease in quantum interferometric
visibility [19]. Our work shows that the qubit phase shift
seen in [16] is in fact a specific instance of a universal
time-dilation effect. We model the effect of mass-energy
equivalence in the same manner as these authors, and
in particular the resulting relativistic coupling between a
system’s internal and centre-of-mass degrees of freedom
described by the interaction Hamiltonian in Eq. (5) in
the limit of low velocities and a weak gravitational field.
A discussion and rebuttal of some of the criticisms of
this model can be found in [41]. Since a full theory of
quantum gravity is yet to be experimentally established,
all results at the interface between quantum theory and
gravity are naturally controversial. Ultimately, future
experiments will determine the full scope of validity for
these results.
VII. CONCLUSION
In the non-relativistic limit, we characterised a generic
quantum clock by an initial state ρc(0), a Hamiltonian
Hˆc and a POVM {Fˆ (s)}s∈S corresponding to the mea-
surement of the clock time. Not all such systems can
serve as clocks; for example, a clock where ρc(0) is an
energy eigenstate will not evolve in time. An unavoidable
consequence of quantum theory is that any finite-energy
clock with perfectly distinguishable temporal states can-
not be perfectly accurate (a constraint which is distinct
from the uncertainty principle). We quantified the inac-
curacy of a generic clock, with arbitrary temporal states,
7by defining an error operator. We call a clock good, when
its error operator is small in norm.
Setting this framework into a relativistic context, we
considered the average time dilation according to a
generic quantum clock, finding that for Gaussian states
of motion, any quantum clock will experience the usual
classical relativistic time dilation with some quantum er-
ror (given by the trace of the error operator) which can
be made arbitrarily small. Taking a nonclassical state of
motion, namely a superposition of Gaussian states, we
found that interference results in an average clock time
which differs from the prediction of classical relativity,
even when the error operator of a clock is zero (an ide-
alised clock). Considering the example of an aluminium
ion in such a state of motion, we found that this quan-
tum relativistic time dilation discrepancy should be of an
observable magnitude.
We then discussed how relativity leads to entanglement
between the clock’s time-measuring and motional degrees
of freedom. We calculated the corresponding reduction
in clock precision for classical states of motion, showing
how it increases over time. We demonstrated how the in-
formation lost from the clock’s time-measuring degrees of
freedom can be recovered by performing a measurement
of the clock’s motion in addition to the clock time.
It is our hope that these results will fuel interest from
the experimental community, so that experiments might
be devised to observe combined quantum relativistic ef-
fects, perhaps shedding light on the obscure relationship
between the two theories.
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Appendix A: Relativistic coupling of the clock’s temporal and kinematic degrees of freedom
Here we sketch a derivation of the coupling between the clock’s kinematic and time-measuring degrees of freedom.
A similar derivation can be found in [17]. We consider two reference frames in which we give a classical description
of the clock: one frame in which the clock is at rest, with energy Erest, and another (the laboratory frame) in which
it has energy Elab and momentum pj . The norm of the clock’s four-momentum is a scalar quantity, and therefore the
9same in both frames, and thus (assuming a static spacetime) one has
Elab = √−g00 (E2rest + pjpjc2), (A1)
where we use the Einstein summation convention, with Latin indices denoting a sum over spatial coordinates, and
pjp
j = gijpipj . We consider only a single spatial dimension, and use the post-Newtonian metric to approximate a
weak gravitational field:
g00 = − [1 + 2Φ(x)
c2
+ 2Φ(x)2
c4
] +O⎛⎝(Φ(x)c2 )
3⎞⎠ and gij = δij [1 − 2Φ(x)c2 ] +O⎛⎝(Φ(x)c2 )
3⎞⎠ . (A2)
Furthermore, we take the common approximation of the Newtonian potential around a point r0, i.e. Φ(x) ≈ Φ0 + gx,
where Φ0 and g are respectively the gravitational field and acceleration at the point x = 0. Now, we note that in
order to mark the passage of time the clock must have some evolving internal structure, which is associated with some
internal energy. Denoting the clock’s rest mass by m and its internal energy by Ec, then by mass-energy equivalence,
Erest =mc2 +Ec. (A3)
After substituting this into Eq. (A1), making a Taylor expansion in Ec/mc2, p/mc, and Φ(x)/c2, and quantising the
result, one finds that the clock evolves subject to the Hamiltonian
Hˆ = Hˆc + Hˆk + Hˆck, (A4)
where upon quantisation Elab → Hˆ (which acts upon the space Hc ⊗Hk) and Ec → Hˆc (which acts upon the spaceHc),
Hˆk =mc2 +mgxˆ + pˆ2
2m
− pˆ4
8m3c2
(A5)
represents the rest-mass-energy, gravitational potential energy and kinetic energy (with a lowest-order relativistic
correction) of the clock, and
Hˆck = Hˆc ⊗ (− pˆ2
2m2c2
+ gxˆ
c2
) , (A6)
is a relativistic coupling of the temporal and kinematic degrees of freedom. We have neglected terms of order(Hˆc/mc2)2, (pˆ/mc)4, (gxˆ)2/c4 and gxˆpˆ2/m2c4 and higher. In the following, we refer to such terms with the notationO(1/c4). Note that Hˆ generates evolution with respect to the proper time of a classical observer at x = 0, i.e. the
laboratory time t.
Appendix B: Time dilation in generic quantum clocks
We now calculate the average time dilation experienced by a generic quantum clock evolving under the Hamiltonian
given in Eq. (A4). We begin by employing perturbation theory to calculate the evolution of the clock state in the
low-velocity, weak-gravity limit described in Appendix A (i.e. neglecting O(1/c4) terms). As in the main text, we
choose units such that h̵ = 1.
Defining a free Hamiltonian by Hˆ0 ∶= Hˆc + Hˆk, one can find the evolution of the clock’s state via the interaction
picture, giving
ρ(t) = e−iHˆ0tρ(0)eiHˆ0t − i e−iHˆ0t {∫ t
0
dt′[HˆIck(t′), ρ(0)]} eiHˆ0t. (B1)
where HˆIck(t) ∶= eiHˆ0tHˆcke−iHˆ0t is the interaction Hamiltonian in the interaction picture. Tracing over the kinematic
space Hk, we find the reduced state corresponding to the temporal degree of freedom, which we write as
ρc(t) = ρc,NR(t) + ρ(1)c (t), (B2)
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where ρc,NR(t) ∶= e−iHˆctρc(0) eiHˆct is the non-relativistic evolution of the reduced state, and the lowest-order relativistic
correction to it is given by
ρ(1)c (t) = −i∫ t
0
dt′trk[e−iHˆ0t[HˆIck(t′), ρ(0)]eiHˆ0t]. (B3)
Now, we consider a clock whose temporal and kinematic degrees of freedom are initially uncorrelated, writing
ρ(0) = ρc(0)⊗ ρk(0), (B4)
for some initial reduced states ρc(0) and ρk(0). Then, writing Hˆck = Hˆc ⊗ Vˆk, i.e. Vˆk ∶= − pˆ22m2c2 + Φ(xˆ)c2 , we calculate
the integrand of Eq. (B3) to find
trk[e−iHˆ0t[HˆIck(t′), ρ(0)]eiHˆ0t] = [Hˆc, ρc,NR(t)] tr [eiHˆktVˆke−iHˆktρk(0)] . (B5)
Using the relation
eXˆY e−Xˆ = Yˆ + [Xˆ, Yˆ ] + 1
2!
[Xˆ, [Xˆ, Yˆ ]] + 1
3!
[Xˆ, [Xˆ, [Xˆ, Yˆ ]]] +⋯ (B6)
for some Xˆ and Yˆ (see Prop. 3.35 in [42]), one finds by induction that
eiHˆktVˆke
−iHˆkt = 1
c2
(− pˆ2
2m2
+ gxˆ + 2gt
m
pˆ − g2t2) . (B7)
Performing the integration in Eq. (B3), we find
ρ(1)c (t) = −i [Hˆc, ρc,NR(t)] tR(t), (B8)
where R(t) ∶= tr [(− pˆ2
2m2c2
+ gxˆ
c2
+ pˆgt
mc2
− g2t2
3c2
)ρk(0)]. Having obtained the evolution of the clock’s temporal state, one
can calculate the average clock time, giving
⟨Tˆc⟩(t) = ⟨Tˆc⟩NR(t) + tR(t) {1 + tr[Eˆ(t)]} (B9)
where ⟨Tˆc⟩NR ∶= tr [Tˆc ρc,NR(t)] is the clock time in the absence of relativistic effects, and where the error operator
Eˆ(t) ∶= −i[Tˆc, Hˆc]ρc,NR(t) − ρc,NR(t) was introduced in Sec. II of the main text.
Appendix C: Idealised clocks, covariant POVMs and higher moments (in the absence of relativistic effects)
In the main text, we defined an idealised clock as one whose first-moment operator satisfies the canonical commu-
tation relations [Tˆc, Hˆc] = i1c (in the Heisenberg form), and used this to motivate the definition of the error operator
Eˆ(t) in Eq. (1). We now find covariant POVMs {Fˆ (s)}s∈S which are absolutely continuous, that either form an
idealised clock, or whose deviation from this condition is covered by a particular form of the error operator Eˆ(t). In
doing so, we show that our choice of the definition of the error operator is well motivated. We will look at both cases
in which S is bounded or unbounded.
We start with the case that S is bounded, and denote the boundaries by S = [s0, s1]. We expand the domain of Fˆ
to R by periodic extension: Fˆ (s + n(s1 − s0)) ∶= Fˆ (s), s ∈ S, n ∈ Z.
To start with, we will only need the covariance property of the POVMs and the assumption that S is bounded.
Writing the evolution of Tˆc in the Heisenberg picture, and using the covariant property Fˆ (s) = Uc(s)Fˆ (0)U †c (s);
Uc(s) ∶= e−iHˆcs, we find for all t ∈R:
Tˆc(t) = U †c (t)TˆcUc(t) = ∫S ds s Fˆ (s − t) = ∫ s1s0 ds f(s)Fˆ (s − t) = ∫ s1−ts0−t ds f(t + s)Fˆ (s) = ∫ s1s0 ds f(t + s)Fˆ (s), (C1)
where f(s) is the sawtooth function: f(s + n(s1 − s0)) ∶= s, s ∈ S, n ∈ Z. By taking limits s0 → −∞ and/or s1 → +∞
in Eq. (C1) and noting that POVMs form a resolution of the identity, ∫s∈S Fˆ (s) = 1c; we find Tˆc(t) = t1c + Tˆc, for the
three unbounded cases:
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1) S = [s0,∞) and t ≥ 0. 2) S = (−∞, s1] and t ≤ 0. 3) S = (−∞,∞) and t ∈R.
One the other hand, the Heisenberg-picture equation of motion is d
dt
Tˆc(t) = −iU †c (t) [Tˆc, Hˆc]Uc(t). Thus, equating
this with the time derivative of Tˆc(t) = t1c + Tˆc, we arrive at[Tˆc, Hˆc] = i1c (C2)
for cases 1), 2) and 3) above. Eq. (C2) represents the canonical commutation relations of a specialised Heisenberg
form called the Weyl form.
We how investigate the case in which S is bounded. From Eq. (C1) we find
Tˆc(t) = ∫ s1−s0−t
s0
ds (t + s)Fˆ (s) + ∫ s1
s1−s2−t ds (t + s − (s1 − s0)) Fˆ (s) = t1c + Tˆc + (s1 − s0)∫ s1s1−s0−t dsFˆ (s). (C3)
Differentiating under the integral sign, we find d
dt
Tˆc(t) = 1c + (s0 − s1)Fˆ (s1 − s0 − t) = 1c + (s0 − s1)U †c (t)Fˆ (0)Uc(t).
Hence taking into account Heisenberg-picture equation of motion as before, we obtain[Tˆc, Hˆc] = i1c + (s0 − s1)Fˆ (0). (C4)
The family of quantum states for which the commutator [Tˆc, Hˆc] is well defined, is the set SComm ∶={ρ ∈ D(Hc) ∣ Tˆcρ ∈ Dom(Hˆc) & Hˆcρ ∈ Dom(Tˆc)}, where D(Hc) is the set of density operators on Hc and Dom is the
domain of the self-adjoint operator in question. Thus Eq. (C4) satisfies the canonical commutation relations on the
subset of states C ∶= {ρ ∈ Scomm ∣ Fˆ (0)ρ = 0} ⊆ Scomm. If C is a dense subset of Scomm, one says that the pair Tˆc and
Hˆc satisfy the Heisenberg form of the canonical commutation relation. The special case of S bounded and POVMs
which are projective values measures, was studied in [21], where it was shown that C is indeed a dense subset ofScomm. Another example of a Heisenberg form of the canonical commutation relations is a “particle in a box” which
is also reviewed in [21]. These (and other) aspects of covariant POVMs are discussed in detail in [43]. Moreover, our
definition of an error operator Eˆ(t) in Eq. (1) readily accommodates the situation in Eq. (C4). In particular, we
have Eˆ(t) = −i(s0 − s1)Fˆ (0)ρ(t).
We now move on to examine higher moments of covariant POVMs. Assuming all moments up to and including the
nth moment are well defined, we have
⟨Tˆ (n)c ⟩(t) ∶= tr [Tˆ (n)c ρc(t)] = tr [U †c (t)Tˆ (n)c Uc(t)ρc(0)] = tr [∫S ds f(s)nUc(s − t)Fˆ (0)U †c (s − t)ρc(0)] (C5)= tr [∫S ds′ f(s′ + t)nUc(s′)Fˆ (0)U †c (s′)ρc(0)] = n∑k=0(nk)tn−k⟨Tˆ (k)c ⟩(0), (C6)
where ⟨Tˆ (0)c ⟩(0) = 1 for all initial states. From this Eq., it follows, for example, that the standard deviation of Tˆc is
time independent and only depends in the initial state ρc.
For an idealised clock, a projection-valued measure is an example of a covariant POVM. To see this, observe that
one can write in this case Fˆ (s) = ∣s⟩⟨s∣c, with Tˆ (1)c ∣s⟩ = s ∣s⟩. From there, one can use the fact that an idealised clock
satisfies U †c (s)Tˆ (1)c Uc(s) = T (1)c + s to show that Uc(s′) ∣s⟩ = ∣s + s′⟩, and therefore Uc(s)Fˆ (0)U †c (s) = Fˆ (s), i.e. the
covariance property. If, in addition, the possible clock times span the entire real line (as in the case considered by
Pauli [5]), then the higher moments satisfy Eq. (C6), and again the variance is therefore time-independent, regardless
of the initial clock state.
Appendix D: Examples of relativistic time dilation in quantum clocks
1. An idealised quantum clock
Recall that an idealised clock is one satisfying the canonical commutation relation, [Tˆc, Hˆc] = i, and consequently
Eˆ(t) = 0. Let Tˆc = xˆc/c + a1c and Hˆc = cpˆc, where xˆc and pˆc are position and momentum operators and a ∈ R is
chosen such that ⟨Tˆc⟩(0) = 0. We first consider the case of “classical” motion, i.e. where the initial kinematic state
of the clock is a pure Gaussian wavepacket with mean momentum p¯0, standard deviation of the momentum σp and
mean position x¯0, i.e. ρk(0) = ∣ψ⟩⟨ψ∣k with
∣ψ⟩k = ∫ dp ψ(p) ∣p⟩k ; ψ(p) ∶= 1(2piσ2p)1/4 e−( p−p¯02σp )
2
e−ix¯0(p−p¯0). (D1)
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We then have that R(t) = − p¯20+σ2p
2m2c2
+ gx¯0
c2
+ p¯0gt
mc2
− 1
3
( gt
c
)2 and therefore
⟨Tˆc⟩(t) = [1 − p¯20 + σ2p
2m2c2
+ gx¯0
c2
+ p¯0gt
mc2
− 1
3
(gt
c
)2] t. (D2)
This expression is the average proper time of a classical clock (see Eq. (4) in the main text) with position x¯0 and a
random momentum following a Gaussian distribution with mean p¯0 and standard deviation σp. To summarise, an
idealised clock in a classical (i.e. Gaussian) state of motion experiences the usual classical relativistic time dilation.
Let us now consider a nonclassical initial kinematic state, specifically a superposition of two Gaussian states,
sometimes referred to as a cat state. We will contrast this with the case of comparable classical probabilistic mixture
of the two states. Let
∣ψj⟩k ∶= ∫ dp ψj(p) ∣p⟩k ; ψj(p) ∶= 1(2piσ2p)1/4 e−( p−p¯2σp )
2
e−ix¯j(p−p¯); j ∈ {1,2}. (D3)
We now take the initial kinematic state to be in the superposition ∣ψ⟩k = √α ∣ψ1⟩k +eiθ√1 − α ∣ψ2⟩k for some α ∈ (0,1)
and θ ∈ R, and find the average clock time, which we denote ⟨Tˆc⟩sup, using Eq. (B9). We then repeat this procedure
for the initial kinematic state in the probabilistic mixture, ρk(0) = α ∣ψ1⟩⟨ψ1∣+ (1−α) ∣ψ2⟩⟨ψ2∣, and denote the average
clock time in that case by ⟨Tˆc⟩mix(t). From the linearity of the trace, we see immediately that⟨Tˆc⟩mix(t) = α⟨Tˆc⟩ψ1(t) + (1 − α)⟨Tˆc⟩ψ2(t), (D4)
where ⟨Tˆc⟩ψj(t) is the average clock time of a clock with initial kinematic state ∣ψj⟩k. One then finds that⟨Tˆc⟩sup(t) = ⟨Tˆc⟩mix(t) + Tcoh(t), (D5)
where
Tcoh(t) ∶= t (∆x02σx )2 σ2vc2 − g∆x0c2 (1 − 2α)
exp[ 12 (∆x02σx )2]√(1−α)α cos θ + 2
(D6)
is a contribution to the clock time arising due to interference between the two Gaussian states constituting the
coherent superposition, and where σv = σp/m and σx = 1/2σp are respectively the standard deviation of the velocity
and position of the Gaussian wavepackets used to construct the initial state, and ∆x0 = x¯2 − x¯1.
2. Salecker-Wigner-Peres clock
Consider a d-dimensional Hilbert space and a clock Hamiltonian with equally-spaced energy levels, i.e.
Hˆc = ∑d−1j=0 jω ∣ej⟩⟨ej ∣, for some ω > 0. This corresponds, for example, to the case where the clock is a spin-j sys-
tem, and then d = 2j + 1. One can obtain a so-called time basis {∣θm⟩} by taking the discrete Fourier transform of the
energy eigenstates,
∣θm⟩ = 1√
d
d−1∑
j=0 e−i2pijm/d ∣ej⟩ , m = 0,1, . . . , d − 1 (D7)
which are used to construct a clock-time operator Tˆc = ∑d−1m=0mT0d ∣θm⟩⟨θm∣, with T0 ∶= 2piω . When the clock is in
the state ∣θm⟩, we have ⟨Tˆc⟩ = mT0/d. Choosing an initial state ρc(0) = ∣θ0⟩⟨θ0∣, then the clock state will at regular
time intervals tm ∶= mT0/d, m ∈ Z “focus” into one of the time eigenstates, i.e. ⟨Tˆc⟩NR (tm) = mT0/d (m mod d). At
intermediate times t ≠ tm, on the other hand, the clock will be in a superposition of its time eigenstates (see e.g. [6],
Appendix B). This setup is known as the Salecker-Wigner-Peres clock (or alternatively, the Larmor clock) [12, 24].
A straightforward calculation gives tr[[Tˆc, Hˆc] ∣θm⟩⟨θm∣] = 0 for all m = 0,1, . . . , d−1, and therefore from the definition
of the error operator Eˆ(t), we have tr[Eˆ(tm)] = −1 for all m ∈ Z and for all clock dimensions d ∈ N+. Consequently,
when the Salecker-Wigner-Peres clock is in a time eigenstate, Eq. (B9) tells us that ⟨Tˆc⟩(tm) = ⟨Tˆc⟩NR(tm) for any
state of the clock’s kinematic degrees of freedom. To reiterate, this clock is a special case where the average relativistic
time-dilation is exactly cancelled by the quantum error of the clock at regular time intervals regardless of how large d
is and regardless of the motional state. In this regard, we note that the Salecker-Wigner-Peres clock was used in [36],
where it was concluded that “quantum clocks do not witness classical time dilation”.
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3. The Quasi-Ideal clock
Consider the same setting as for the Salecker-Wigner-Peres clock described above, namely the clock Hilbert space,
Hamiltonian Hˆc and clock-time operator Tˆc, but now with the initial temporal state ρc(0) = ∣Ψ(m0)⟩⟨Ψ(m0)∣, with
∣Ψ(m0)⟩ = d−1∑
m=0 gm0(m) ∣θm⟩ , (D8)
where gm0(m) is a complex Gaussian distribution centred on m0 and with standard deviation σ¯c ∈ (0, d). The choice
σ¯c = √d corresponds to the case in which the standard deviation in both the time basis {∣θm⟩} and energy basis time
basis {∣ej⟩} is approximately the same. For other choices, one obtains a clock whose behaviour tends to that of the
idealised clock when σ¯c → ∞ and d/σ¯c → ∞ as d → ∞. This is then the Quasi-Ideal clock, introduced in [6]. We
now show that the contribution of the quantum error to the relativistic time dilation, i.e. tr[Eˆ(t)] (see Eq. (B9)),
tends exponentially to zero with increasing clock dimensionality. In other words, we show that the relativistic time
dilation experienced by the idealised clock can be approximated arbitrarily well by a Quasi-Ideal clock of high enough
dimension. Physically speaking, this is because the Quasi-Ideal clock can move at constant “velocity” in the time
basis with minimal dispersion.
From the definition of the error operator Eˆ(t), we have
tr[Eˆ(t)] = −itr[[Tˆc, Hˆc]ρc,NR(t)] − 1 (D9)
Choosing the initial clock state ∣Ψ(0)⟩⟨Ψ(0)∣, the non-relativistic evolution of the state ρc,NR(t) is given by,
ρc,NR(t) = e−iHˆct ∣Ψ(0)⟩⟨Ψ(0)∣ eiHˆct, (D10)
Now, Theorem 8.1 in [6] states that
e−iHˆct ∣Ψ(0)⟩ = ∣Ψ(t/T0)⟩ + ∣ε⟩ , (D11)
where the specific form of ∣ε⟩ is irrelevant for the present purpose, only that as d→∞ and d/σ¯c →∞,√⟨ε∣ε⟩ = O(poly(d) (e−pi4 d2σ¯2c + e−pi4 σ¯2c )), (D12)
and furthermore Theorem 11.1 in [6] states that
[Tˆc, Hˆc] ∣Ψ(m)⟩ = i ∣Ψ(m)⟩ + ∣εcomm⟩ ∀m ∈R (D13)
where, again, the specific form of ∣εcomm⟩ is irrelevant, only that as d→∞,√⟨εcomm∣εcomm⟩ = O(poly(d) (e−pi4 d2σ¯2c + e−pi4 σ¯2c )). (D14)
Using these two theorems, one finds that
∣tr[Eˆ(t)]∣ = ∣−itr[ ∣εcomm⟩ ⟨Ψ(t/T0)∣ + [Tˆc, Hˆc]( ∣ε⟩⟨Ψ(t/T0)∣ + ∣Ψ(t/T0)⟩⟨ε∣ + ∣ε⟩⟨ε∣ )] ∣ (D15)
≤ ∣tr[ ∣εcomm⟩ ⟨Ψ(t/T0)∣ ] ∣ + ∣tr[[Tˆc, Hˆc]( ∣ε⟩⟨Ψ(t/T0)∣ + ∣Ψ(t/T0)⟩⟨ε∣ + ∣ε⟩⟨ε∣ )] ∣ (D16)
We can now bound the terms on the r.h.s. of Eq. (D16). To start with
∣tr[∣εcomm⟩⟨Ψ(t/T0)∣] ∣ = ∣ ⟨εcomm∣Ψ(t/T0)⟩ ∣ ≤ √⟨εcomm∣εcomm⟩ = O(poly(d) (e−pi4 d2σ¯2c + e−pi4 σ¯2c )) (D17)
Using the Cauchy-Schwarz inequality, ∣tr[AˆBˆ]∣2 ≤ tr[Aˆ†Aˆ]tr[B†B] for bounded linear operators Aˆ, Bˆ; one finds that
for two kets ∣a⟩, ∣b⟩
∣tr [[Tˆc, Hˆc] ∣a⟩⟨b∣] ∣2 ≤ −tr [[Tˆc, Hˆc]2] ⟨a∣a⟩ ⟨b∣b⟩ ≤ 2(∣tr [(TˆcHˆc)2] ∣ + ∣tr [Tˆ 2c Hˆ2c ] ∣) ⟨a∣a⟩ ⟨b∣b⟩ (D18)≤ 2( ∥(TˆcHˆc)2∥ + ∥Tˆ 2c Hˆ2c ∥ ) ⟨a∣a⟩ ⟨b∣b⟩ ≤ 4 ∥Tˆc∥2 ∥Hˆc∥2 ⟨a∣a⟩ ⟨b∣b⟩ ≤ 4(T0d)2(d2ω)2 ⟨a∣a⟩ ⟨b∣b⟩ (D19)≤ 16pi2d6 ⟨a∣a⟩ ⟨b∣b⟩ . (D20)
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Therefore, using Eqs. (D17), (D20), and (D12); one finds from Eq. (D16)
∣tr[Eˆ(t)]∣ = O(poly(d) (e−pi4 d2σ¯2c + e−pi4 σ¯2c )) (D21)
for all t ∈ R. We therefore find that for any initial clock width of the form σ¯c = dηc for some fixed η > 0, tr[Eˆ(t)] is
upper-bounded by a quantity which decreases exponentially with dimension. Furthermore, note that for 0 < η < 1/2,
the standard deviation of Tˆc for the initial Quasi-Ideal clock state approaches zero as d→∞. Thus in the limit of large
dimension, the relativistic time dilation (Eq. (B9)) is that of the idealised clock, up to errors that decay exponentially
in the dimension.
4. The qubit-phase clock
Another clock model sometimes found in the literature (e.g. [16, 19, 40]) uses the phase difference between the
two states of a qubit system to estimate elapsed time. This can be considered a simplified model of the Ramsey
method sometimes used in atomic clocks (see e.g. [32] Sec. IVA for a discussion of clock interrogation schemes), where
it is assumed that the laser is perfectly tuned to the reference frequency. The qubit is put into the initial state
1√
2
(∣0⟩ + ∣1⟩), whose non-relativistic evolution according to the Hamiltonian Hˆc = −ω2 ∣0⟩⟨0∣ + ω2 ∣1⟩⟨1∣ results in the
state
∣θ⟩ ∶= 1√
2
(∣0⟩ + e−iθ ∣1⟩) (D22)
where θ = ωt. The covariant (see Sec. II and Appendix C) POVM corresponding to the estimation of this phase is
given by {Fˆ (θ)}θ∈[0,2pi) with F (θ) = 1pi ∣θ⟩⟨θ∣. This measurement corresponds to a maximum-likelihood estimation of
θ, and therefore the laboratory time (see e.g. [44], Sec. 4.4). One can then directly calculate the error operator:
Eˆ(t) = −(1c + σx)ρc(t). (D23)
Since tr[Eˆ(t)] = 1 + cos(ωt), we see that this is only a good clock in the sense defined in Sec. II around θ = pi, which
corresponds to the time at which the clock state ∣θ⟩ is orthogonal to the initial state. This limitation can be overcome
by performing the phase estimation on many copies of the qubit system (see e.g. [45]). Now, carrying this analysis
into a relativistic context, Eq. (6) gives the average time dilation experienced by the qubit-phase clock as
⟨Tˆc⟩(t) = ⟨Tˆc⟩NR(t) + tR(t) [2 + cos(ωt)] , (D24)
which is of course equal to the average time dilation experienced by the idealised clock when θ = pi.
Appendix E: The effect of the coupling on a clock’s precision
We now show how a clock’s precision, as quantified by the standard deviation σT ∶= √⟨Tˆ 2c ⟩ − ⟨Tˆc⟩2, changes over
time as a result of the relativistic coupling between temporal and kinematic degrees of freedom. For simplicity, we now
consider flat (Minkowski) spacetime. Here we work to a precision one order higher than before, i.e. neglecting onlyO ((pˆ/mc)6) terms. This is because, as we shall see, relativistic effects on the precision of the idealised clock vanish
below O(1/c4). Repeating the procedure outlined in Appendix A, one finds that the relativistic coupling between
temporal and kinematic degrees of freedom is now
Hˆck = Hˆc ⊗ Wˆk +O (( pˆ
mc
)6) (E1)
with Wˆk ∶= −pˆ2/2m2c2 + 3pˆ4/8m4c4.
Now, since in this case [Hˆck, Hˆk] = [Hˆck, Hˆc] = 0, we can simply calculate the relevant observables without going
into the interaction picture. Using Eq. (B6), we have
⟨Tˆnc ⟩(t) = tr⎡⎢⎢⎢⎣
∞∑
q=0
1
q!
[i(1k + Wˆk)t]q [Hˆc, Tˆnc ]q⎤⎥⎥⎥⎦ (E2)
15
where [⋅ , ⋅]q denotes the qth-order nested commutator, i.e. [Aˆ, Bˆ]0 ∶= Bˆ and [Aˆ, Bˆ]q ∶= [Aˆ, [Aˆ, Bˆ]q−1] for q > 0.
Applying the Binomial theorem to (1k + Wˆk)q and truncating at the appropriate order, one finds, after some algebra
⟨Tˆnc ⟩(t) = ⟨Tˆnc ⟩NR(t) + tr[ {it[Hˆc, Tˆnc ]⊗ Wˆk − t2[Hˆc, [Hˆc, Tˆnc ]]⊗ Wˆ 2k }ρNR(t)] (E3)
where ρNR(t) ∶= e−i(Hˆc+Hˆk)tρ(0)ei(Hˆc+Hˆk)t is the non-relativistic evolution of the clock’s total state and ⟨Tˆnc ⟩NR(t) ∶=
tr[Tˆnc ρc,NR(t)], and where it is understood that Wˆ 2k contains an O ((pˆ/mc)6) term to be neglected. Assuming an
uncorrelated initial state as in Appendix B, i.e. ρ(0) = ρc(0)⊗ ρk(0), and further defining ⟨Wˆnk ⟩0 ∶= tr[Wˆnk ρk(0)], we
have
⟨Tˆnc ⟩(t) = ⟨Tˆnc ⟩NR(t) + it⟨Wˆk⟩0 tr[[Hˆc, Tˆnc ]ρc,NR(t)] − t2⟨Wˆ 2k ⟩0 tr[[Hˆc, [Hˆc, Tˆnc ]]ρc,NR(t)]. (E4)
Then by a straightforward, if lengthy, calculation, one finally finds that σT (t), separates into
σT (t) = σT,NR(t) +σT,I(t) +σT,NI(t), (E5)
where σT,NR(t) is the clock’s standard deviation in the absence of relativistic effects, σT,I(t) is a contribution which
remains in the case of an idealised clock, given by
σT,I(t) ∶= t2
8σT,NR(t) ⟨pˆ
4⟩ + σ2p2
m4c4
(E6)
where σp2 is the standard deviation of pˆ
2, and σT,NI(t) is a contribution arising due to the non-idealised nature of
the clock, given by
σT,NI(t) ∶= ⟨Wˆk⟩0 t
2σT,NR(t) {tr[(Eˆ(t) + Eˆ†(t))Tˆc] − 2⟨Tˆc⟩NR(t)tr[Eˆ(t)]}
− (⟨Wˆk⟩0 t)2
8σT,NR(t)3 {tr[(Eˆ(t) + Eˆ†(t))Tˆc] − 2⟨Tˆc⟩NR(t)tr[Eˆ(t)]}2 − (⟨Wˆk⟩0 t)
2
2σT,NR(t) {2tr[Eˆ(t)] + tr[Eˆ(t)]2}
− ⟨Wˆ 2k ⟩0 t2
2σT,NR(t){2tr[Eˆ(t)] + itr[(Hˆceˆ Tˆc − Tˆceˆ Hˆc)ρc,NR(t) + HˆcTˆcEˆ(t) − Eˆ†(t)TˆcHˆc]+ 2i⟨Tˆc⟩NR(t)tr[Hˆc(Eˆ(t) − Eˆ†(t))]}
(E7)
where Eˆ(t) was defined above, and eˆ ∶= i[Hˆc, Tˆc] − 1c. Note that σT,I(t) = O ((pˆ/mc)4), which necessitated that we
work to one order higher of precision than when we calculated the clock time (Appendix B).
